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Abstract
We perform the Hamiltonian analysis of several mimetic gravity models and compare our results
with those obtained previously by different authors. We verify that for healthy mimetic scalar-
tensor theories the condition for the corresponding part of the Hamiltonian to be bounded from
below is the positive value of the mimetic field energy density λ. We show that for mimetic dark
matter possessing a shift symmetry the mimetic energy density remains positive in time, provided
appropriate boundary conditions are imposed on its initial value, while in models without shift
symmetry the positive energy density can be maintained by simply replacing λ → eλ. The same
result also applies to mimetic f(R) gravity, which is healthy if the usual stability conditions of
the standard f(R) gravity are assumed and λ > 0. In contrast, if we add mimetic matter to an
unhealthy seed action, the resulting mimetic gravity theory remains, in general, unstable. As an
example, we consider a scalar-tensor theory with the higher-derivative term (ϕ)2, which contains
an Ostrogradski ghost. We also revisit results regarding stability issues of linear perturbations
around the FLRW background of the mimetic dark matter in the presence of ordinary scalar matter.
We find that the presence of conventional matter does not revive dynamical ghost modes (at least in
the UV limit). The modes, whose Hamiltonian is not positive definite, are non-propagating (have
zero sound speed) and are associated with the mimetic matter itself. They are already present in
the case in which the ordinary scalar fluid is absent, causing a growth of dust overdensity.
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I. INTRODUCTION
As was realized some time ago [1–4], a cold component of dark matter (and dark energy)
may be mimicked by adding to General Relativity (GR) a “perfect fluid of dust”. Such
a mimetic dark matter can be introduced [4] by performing a non-invertible conformal
transformation of the GR metric, with a re-scaling parameter being a kinetic term for a
(mimetic) scalar field
gµν = −
(
g˜αβ∂αϕ .∂βϕ
)
g˜µν . (1)
The transformation is non-invertible in the sense that the metric g˜µν cannot be fully ex-
pressed in terms of gµν and ϕ due to the invariance of the right-hand side of (1) under the
conformal re-scaling of the metric g˜µν . In this way one obtains a conformally invariant the-
ory. Later on, such a non-invertible transformation (or its generalizations) has been applied
to wide classes of models including general scalar-tensor theories, f(R)-gravity, vector-tensor
theories etc., resulting in mimetic versions of these models [5–16], which is usually referred
as ‘mimetic gravity’.
A natural question which arises is whether or not the addition of mimetic matter may
cause or cure instabilities in these models. This problem has been studied in different models
by various authors. For instance, for the simplest mimetic dark matter model, it was shown
[5, 7] that for the system to be free of ghost instabilities the necessary condition is that the
energy density of the mimetic dust should remain positive definite under time evolution,
but that this may not always be the case. Refs. [13, 14, 17–21] studied the behavior of a
wide class of mimetic gravity models under linear perturbations around certain cosmological
backgrounds (such as Friedmann-Lemaˆıtre-Robertson-Walker - FLRW - ones) and argued
that they might be plagued with ghost-like and/or gradient instabilities. In particular [13, 14]
observed a ghost-like instability of linear perturbations around the FLRW background in
the presence of conventional scalar matter in a unitary gauge in which the mimetic scalar
is identified with the time flow. In this respect, it is important to understand if the source
of the instability is the presence of the additional matter itself or whether it is intrinsic to
the mimetic field itself. For instance, the Jeans instability is well-known to appear around
certain GR backgrounds in the presence of conventional matter [22, 23].
The main aim of this paper is to revisit these issues. To check, in full generality, whether
the mimetic field can bring additional instabilities into a given gravity model one should
first perform a complete background independent Hamiltonian analysis of a full non-linear
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system and check under which conditions different parts of the Hamiltonian are bounded
from below, which ensures the existence of stable solutions. The Hamiltonian describing a
wide class of mimetic gravity models was derived in [13], together with first and second class
constraints which allowed to count the number of physical degrees of freedom. However, the
stability analysis of this Hamiltonian has not been carried out therein. The full Hamiltonian
analysis for a simple mimetic dark matter model was carried out in [7, 24] and extended in
[12] to mimetic gravity actions involving an arbitrary function F (ϕ) of the mimetic scalar
field and further generalized in [25]. As we already mentioned, the main conclusion was that
the stability of the mimetic system requires that the energy density of the mimetic dust is
non-negative. In this paper we will extend these results to a wider class of mimetic gravity
models including conventional matter and also study the stability of their linear fluctuations
around the FLRW background, revisiting results of [13, 14].
In Section III we analyze the stability conditions for mimetic scalar-tensor theories by
performing the full Hamiltonian analysis and verifying that in all the cases a necessary
condition for the corresponding part of the Hamiltonian to be bounded from below is the
positive value of the mimetic field energy density λ. We will show that for the mimetic dark
matter model possessing a shift symmetry (ϕ→ ϕ+ c) the mimetic energy density remains
positive in time, provided appropriate boundary conditions are imposed on its initial value.
For more general cases (without shift symmetry) the positivity condition on mimetic energy
density may be imposed a priori by requiring, e.g. that λ = eλˆ with λˆ being an arbitrary
scalar field.
In Section IV we will revisit results of [13, 14], where it was observed (using the unitary
gauge ϕ = t) that, in the presence of matter, linear perturbations of mimetic gravity models
around the FLRW background have an Ostrogradski ghost. To better understand the nature
of this instability we will derive the corresponding second-order action and Hamiltonian
without gauge fixing local reparametrization invariance and give the result in terms of gauge-
invariant variables. For comparison, we will also present the results of the analysis of linear
perturbations for the pure mimetic matter, in the absence of conventional matter, and vice
versa. We will see, taking an ultra-violet limit, that the presence of conventional matter does
not revive dynamical ghost modes. The modes, whose Hamiltonian is not positive definite,
are non-propagating (with zero sound speed) and are associated with the mimetic matter
itself, as in the case in which the conventional scalar fluid is absent. Though, as we will
show, at the linearized level one cannot unambiguously identify the nature of these modes,
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i.e., whether they are ghost-like or tachyon-like, we will see that they cause the usual Jeans
instability of dust. On top of these, the conventional matter brings about two propagating
modes with positive definite Hamiltonian.
In Section V we consider a mimetic theory based on an unhealthy primary seed action
with a higher-derivative term (ϕ)2 and show that the mimetic constraint cannot, in general,
cure instability problems of the primary action. In Section VI we will also shortly discuss
the stability conditions, due to the mimetic constraint, for a bounded Hamiltonian of the
mimetic f(R) gravity. Finally, in the Conclusions, we present a short summary of our
analysis. Some calculations are given in the Appendix.
In our paper we are using the (−,+,+,+) signature for the metric. Greek indices run
from 0 to 3 and Latin indices from 1 to 3. Further, we are working in units where the speed
of light and the reduced Planck mass is one.
II. A BRIEF SURVEY OF THE STRUCTURE OF MIMETIC GRAVITY MOD-
ELS, ALSO IN VIEW OF FRAMES IMPOSED BY THE GW170817 EVENT
As largely discussed in the literature [4–7, 9, 13, 14, 26], mimetic gravity can be obtained
upon performing a disformal transformation [27] of the metric in an original theory and
then requiring that this transformation is non-invertible. Such a non-invertible disformal
transformation can be written as a non-invertible conformal transformation followed by an
invertible disformal transformation [13, 14]. The invertible disformal transformation does not
change the physical content of the theory, but the non-invertible conformal transformation
does change the theory, giving rise to a mimetic gravity. Therefore, to arrive at mimetic
gravity from a given gravity model, one can always choose the disformal transformation to
be a Weyl transformation of the metric
gµν(x) = X˜(x)g˜µν(x) , (2)
where X˜(x) is the rescaling parameter. Upon this transformation, a generic Lagrangian
L = √−gf(η, ϕ)R+ Lmatter(gµν , η, ϕ) , (3)
including gravity, a scalar field ϕ and other matter fields η, takes the following form
L˜ =
√
−g˜f(η, ϕ, X˜)
(
X˜R˜ +
3
2
X˜−1g˜µν∂µX˜∂νX˜ − 3X˜
)
+ Lmatter(g˜µν , η, ϕ, X˜) , (4)
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where we assumed that the fields ϕ and η do not transform under the Weyl transformation.
The generic X˜ is a non-dynamical Stu¨ckelberg-like field which can be gauge fixed to a
constant by the inverse Weyl transformation upon which we get back the initial Lagrangian
(3). In other words, as is well known, the Lagrangian (4) is invariant under the local
conformal (Weyl) transformations
g˜µν → Ω(x)g˜µν , X˜ → Ω−1(x)X˜ . (5)
Let us now assume that X˜(x) is not an independent field but is proportional to the kinetic
term of ϕ which may be (or not) part of the Lagrangian Lmatter(g˜µν , ϕ, η, X˜)
X˜ = −g˜µν∂µϕ∂νϕ . (6)
If we substitute the expression (6) into (4) we see that the field ϕ contributes to the La-
grangian with higher-derivative terms. The Lagrangian is still invariant under the Weyl
rescaling (5) of the metric g˜µν , but now if we gauge fix the Weyl symmetry by putting
X˜ = 1 we get the mimetic constraint on the kinetic term of ϕ
g˜µν∂µϕ∂νϕ = −1 . (7)
This implies that with the specific choice of X˜ as in (6) the theory has a constrained
mimetic scalar degree of freedom ϕ. This gauge fixing can also be understood as a field
redefinition [28] (associated with a Weyl transformation) which eliminates the Stu¨ckelberg
field as follows. Let us, following [7], introduce the relation (6) into the Lagrangian (4) as a
Lagrange multiplier term
Lλ =
√
−g˜λ˜(X˜ + g˜µν∂µϕ∂νϕ) . (8)
Now let us make the following field redefinition g˜µν = X˜
−1gµν , λ˜ = X˜λ upon which the
Lagrangian L˜+ Lλ reduces to
L = √−gf(η, ϕ)R+ Lmatter(gµν , η, ϕ)−
√−gλ(1 + gµν∂µϕ∂νϕ) , (9)
which produces the mimetic constraint (7). Therefore, when analyzing the theory, one can
keep Weyl invariance to a certain point and gauge fix it by imposing (7) at a later stage, as
e.g. in [7, 13].
Alternatively, one can from the beginning add the mimetic constraint (7) to the initial
Lagrangian (3) as a Lagrange multiplier term [29] and get (9). Note that in the mimetic
dark matter model [6] the field λ has actually a clear physical meaning of being associated
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with mimetic matter energy density. If the initial action in (3) contains the kinetic term
of the scalar field X ≡ −gµν∂µϕ∂νϕ and/or the functions f , Lmatter etc. depend on X ,
this dependence can always be removed by expanding these functions 1 in powers of X − 1
and adsorbing the (X − 1)-dependent terms by the Lagrange multiplier λ. Therefore, as
discussed in [14], every higher derivative term of the scalar field ϕ in the initial Lagrangian,
which contains a covariant derivative of X will effectively vanish upon the non-invertible
conformal transformation leading to mimetic gravity. Hence, the essential higher-derivative
terms in the initial action (depending on the second derivative of ϕ) which survive upon
the disformal Weyl transformation are of the following schematic form χn = g
µν [ϕ]nµν
2.
Consequently, the most general scalar-tensor mimetic theory action (depending on up-to-
second-order derivatives of ϕ) can be taken in the form
L = √−gf(η, ϕ)R+ Lϕ(ϕ, η, χ1, ..., χn) + Lmatter(gµν , η, ϕ)−
√−gλ (gµν∂µϕ∂νϕ+ 1) .
(10)
The recent observation, from the binary neutron star merging event GW170817 [30], that
the speed of gravitational waves is equal to the speed of light, to a very high accuracy,
restricts the class of viable healthy seed models. In the absence of conventional matter,
these are described by the action [31]
S =
∫
d4x
√−g (f(ϕ)R− V (ϕ))−
∫
d4x
√−g λ (gµν∂µϕ∂νϕ+ 1) . (11)
This model is usually referred to as ‘generalized mimetic scalar tensor theory’, while the
original ‘mimetic dark matter’ model is a special case of the above action in which f = 1/2
and V = 0.
To the action (11) we can add terms of the form F (ϕ), which do not change the
propagation speed of the gravitational waves. While terms proportional to ϕ can be
reabsorbed by a redefinition of V (ϕ) (see the discussion in [31]), higher-derivative terms,
such as (ϕ)2, or in general F (ϕ), are commonly discussed in the literature on mimetic
gravity [6, 12, 17–19, 32]. Terms of this kind are interesting, since they provide a non-
vanishing sound speed [6], while in mimetic Horndeski models the sound speed vanishes
[10]. Further, they provide an interesting connection to the infrared limit of the projectable
Horˇava-Lifshitz gravity [33–35]. However, in general, seed actions containing terms of this
1 f(X) = f(X − 1 + 1) = f |X−1 + (X − 1)f ′ + 12 (X − 1)2f ′′ + · · ·
2 Here and in what follows we use the notation of [14], where n is the polynomial order of second order
derivatives, such that ϕµ ≡ ∂µϕ, ϕµν = ∇µ∂νϕ, χ1 = gµνϕµν , χ2 = ϕµνϕµν , χ3 = ϕµνϕµρϕνρ etc.
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kind contain an Ostrogradski ghost, and, as we will see in section V, with the example of
action
S =
1
2
∫
d4x
√−g R +
∫
d4x
√−g (G(ϕ)(ϕ)2 − λ (gµν∂µϕ∂νϕ+ 1)) , (12)
the mimetic constraint, though it reduces by one the number of independent degrees of
freedom, it does not solve instability issues.
III. HAMILTONIAN ANALYSIS OF THE MIMETIC SCALAR-TENSOR THE-
ORY
In this section, we discuss the stability conditions for the mimetic scalar-tensor theory
described above in (11), by performing the full Hamiltonian analysis and checking whether
the Hamiltonian is bounded from below.
In order to simplify calculations, we will perform the Hamiltonian analysis of the theory
with the mimetic constraint introduced via the Lagrange multiplier term. As such, we
will not deal with a first-class constraint associated with the Weyl symmetry as in [7, 13],
but instead with two second-class constraints associated with the presence of the Lagrange
multiplier, and the mimetic constraint as the gauge-fixing condition.
The main goal is to analyze the stability conditions associated with the presence of the
mimetic matter and compare them with those in the corresponding “non-mimetic” models.
III.1. ADM decomposition
To set our notation and conventions, we start with a review of the well-known techniques
for carrying out the Hamiltonian analysis of the theories involving gravity.
For the foliation of spacetime we are using the ADM decomposition with metric
ds2 = −N2dt2 + hij
(
dxi +N idt
) (
dxj +N jdt
)
, (13)
where N is the lapse, N i is the shift vector, and hij is the three dimensional metric of the
hypersurface of constant time which is used to raise and lower spatial indices. The Ricci
scalar of the four dimensional metric gµν can be decomposed as
R = R¯ +KijK
ij − (Kii)2 + 2∇µ (nµ∇νnν − nν∇νnµ) , (14)
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where R¯ is the three dimensional Ricci scalar, and Kij is the extrinsic curvature
Kij =
1
2N
(
h˙ij − 2D(iNj)
)
. (15)
where 2D(iNj) ≡ DiNj + DjNi. Further, nµ = N−1(1,−N i) is the normal vector to the
hypersurface of constant time and ∇µ is the covariant derivative with respect to gµν . Using
the notation of [13] one can write the Lagrangian density for the gravitational part (the first
term of (11)) as
Lgrav =
√−g f(ϕ)R = N
√
h
[
f
(
R¯ +KijK
ij −K2)− 2Kf,ϕA⋆ − 2DiDif] , (16)
where we have neglected total derivative terms. K = Kii is the trace of the extrinsic
curvature, Di is the covariant derivative with respect to the spatial metric hij , f,ϕ ≡ ∂ϕf
and
A⋆ = n
µ∇µϕ = N−1
(
ϕ˙−N i∂iϕ
)
. (17)
It is convenient to treat A⋆ as an independent variable, by adding to the Lagrangian the
condition (17) as a constraint, via a Lagrange multiplier term. Thus, using
− gµν∇µϕ∇νϕ = nµ∇µϕnν∇νϕ− hµν∇µϕ∇νϕ = A2⋆ −DiϕDiϕ . (18)
one can express the mimetic field part of the Lagrangian (11) as follows
Lϕ = N
√
hλ
(
A2⋆ −DiϕDiϕ− 1
)−N√hV (ϕ) + µ√h (NA⋆ +N iDiϕ− ϕ˙) . (19)
III.2. Canonical momenta and constraints
Upon the ADM decomposition of the Lagrangian we can calculate the canonical momenta.
In view of the relation (15), the canonical momentum of the metric hij is
πij =
δL
δh˙ij
=
1
2N
δL
δKij
=
√
hf
(
Kij −Khij)−√hf,ϕA⋆hij . (20)
This equation can be inverted to get the expressions for the extrinsic curvature and the time
derivative of the metric hij in terms of the momenta πij
Kij =
1√
hf
(
πij − 1
2
πhij
)
− f,ϕ
2f
A⋆h
ij , (21)
h˙ij =
N√
hf
(
2πij − πhij)−N f,ϕ
f
A⋆h
ij + 2D(iN j) , (22)
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where π = πii is the trace of the canonical momentum. These can be used to get the canonical
Hamiltonian density of the gravitational part of the theory
Hgrav = h˙ijπij −Lgrav
= N
[
1√
hf
(
πijπij − 1
2
π2
)
−
√
hfR¯−A⋆ f,ϕ
f
π −
√
h
3f 2,ϕ
2f
A2⋆ + 2
√
hDiD
if
]
− 2N iDjπji .
(23)
On the right-hand side of (23) we have performed a partial integration with respect to the
covariant derivative of the momentum in the last term. Now, the canonical momenta of all
other fields are derived straightforwardly, resulting in the following primary constraints
pϕ =
δL
δϕ˙
= −
√
hµ , → p¯ϕ = pϕ +
√
hµ ≈ 0 , p⋆ = δL
δA˙⋆
≈ 0 , (24)
pλ =
δL
δλ˙
≈ 0 , pµ = δL
δµ˙
≈ 0 , (25)
πN =
δL
δN˙
≈ 0 , πi = δL
δN˙i
≈ 0 , (26)
where ≈ denotes weak equalities which are only valid on the constraint surface of the phase-
space [36].
The total Hamiltonian of the theory including the primary constraints has the following
form
HT =
∫
d3x
(
NH +N iHi + uλpλ + u⋆p⋆ + uϕp¯ϕ + uµpµ + uNπN + uiπi
)
, (27)
where the so-called Hamiltonian H and the momentum Hi constraint are
H = 1√
hf
(
πijπij − 1
2
π2
)
−
√
hfR¯− A⋆f,ϕ
f
π −
√
h
3f 2,ϕ
2f
A2⋆ + 2
√
hDiD
if
−
√
hλ
(
A2⋆ −DiϕDiϕ− 1
)
+
√
hV (ϕ) + pϕA⋆ , (28)
Hi = −2Djπji + pϕDiϕ+ p⋆DiA⋆ + pλDiλ+ pµDiµ . (29)
Note that the last three terms in Hi vanish separately on the constraint surface (24)-(26),
but we keep them in this form since it elucidates their role as generators of the spatial
transformations of the corresponding fields.
As the next step, as usual, we should require the time conservation of the primary con-
straints. The time conservation of πN and πi yields
π˙N = {πN , HT} = H ≈ 0 , π˙i = {πi, HT} = Hi ≈ 0 , (30)
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as the conventional secondary constraints inherent to diffeomorphism-invariant gravity the-
ories. The time conservation of pλ and p⋆ leads to two additional secondary constraints
p˙λ = {pλ, HT} = N
√
h
(
A2⋆ −DiϕDiϕ− 1
) ≡ NCλ ≈ 0 , (31)
p˙⋆ = {p⋆, HT} = N
(
f,ϕ
f
π + 3
√
h
f 2,ϕ
f
A⋆ + 2
√
hλA⋆ − pϕ
)
≡ NC⋆ ≈ 0 , (32)
while the time conservation of pµ and p¯ϕ fixes the values of Lagrange multipliers uϕ and
uµ in terms of other fields and does not give rise to the secondary constraints. The time
conservation of the constraints Cλ and C⋆ fixes the values of the Lagrange multipliers u⋆
and uλ, and also does not produce new constraints.
Introducing the smeared Hamiltonian and momentum constraint
H [ξ] ≡
∫
d3x ξH , (33)
D[ξi] ≡
∫
d3x ξiHi , (34)
(where ξ(x) and ξi(x) are generic functions) one can straightforwardly check that they
generate the usual hypersurface deformation algebra of General Relativity
{D[ξi], D[ζj]} = D[Lξiζj] ,
{D[ξi], H [ξ]} = H [Lξiξ] , (35)
{H [ξ], H [ζ ]} ≈ D [hij (ξ∂iζ − ζ∂iξ)] ,
where Lξi is the Lie derivative along the vector field ξi.
All in all, the constraints (24)-(26), (30), (31) and (32) form the full set of the constraints
of the system and split into the first and second-class ones, as follows. The eight constraints
πN , H, πi, Hi (36)
are of the first class, and the six constraints
p¯ϕ, p∗, pλ, pµ, Cλ, C∗ (37)
are of the second class. Note that the constraints pλ and Cλ are associated with the mimetic
matter constraint in the Lagrangian. So, as expected in the formulation under consideration,
one does not have an extra first class constraint which would appear in the Hamiltonian
analysis of the Weyl-invariant formulation of mimetic gravity, but the two second-class
constraints.
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The second-class constraints can be regarded to be satisfied in the strong sense, i.e., they
can be solved to express certain phase-space variables in terms of others. For this to be
consistent with the rules of the Hamiltonian analysis one should pass from the Poisson to
the Dirac brackets [36].
Let us briefly discuss the structure of the Dirac brackets. The Dirac brackets between
two phase-space functions A and B are defined as
{A,B}D = {A,B} −
∑
I,J
{A,CI}
(
Ω−1
)IJ {CJ , B} , (38)
where CI are the second-class constraints and
ΩIJ = {CI , CJ} . (39)
Note that the Dirac brackets of the second-class constraints, with any function of the dy-
namical variables, are identically zero. Hence the second-class constraints which have been
used to construct the Dirac brackets are effectively strongly zero.
Let us first make strongly zero the pair of the constraints (p¯ϕ, pµ). Their Poisson bracket
is
Ω = {p¯ϕ, pµ} =
√
h , (40)
and pµ Poisson-commutes with all the other constraints and dynamical variables, except for
µ. Therefore, the Dirac brackets constructed with (40) of the phase-space functions which
do not depend on (p¯ϕ, pµ) are equal to their Poisson brackets, and we can strongly set pµ = 0
and µ = − 1√
h
pϕ.
Thus, we are left with the four second-class constraints pλ, p⋆, Cλ and C⋆. The corre-
sponding matrix (39) has the following schematic form
ΩIJ =


0 0 0 A
0 0 B C
0 −B 0 D
−A −C −D 0

 (41)
and its inverse is
(
Ω−1
)IJ
=


0 − D
AB
C
AB
− 1
A
D
AB
0 − 1
B
0
− C
AB
1
B
0 0
1
A
0 0 0

 . (42)
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Computing the Poisson brackets between the phase-space variables ϕ, pϕ, h
ij , πij and the
constraints CJ
{pϕ, CJ} = (0, 0, ⋆, ⋆) , {hij , CJ} = (0, 0, 0, ⋆) ,
{ϕ,CJ} = (0, 0, 0, ⋆) , {πij, CJ} = (0, 0, ⋆, ⋆) ,
where ⋆ stands for any non weakly vanishing function, we find that the Dirac brackets
between the phase-space variables ϕ, pϕ, h
ij , πij coincide with their Poisson brackets { , }D =
{ , }. Hence, we can safely put all the second-class constraints to be strongly zero, without
modifying the commutation properties of the rest of the dynamical variables.
Having identified the number and the nature of the Hamiltonian constraints, we are
now in a position to calculate the number of physical degrees of freedom in our model.
We have 2 × 14 = 28 canonical variables (2 x 10 =20 associated with the gravitational
field and 2 × 4 = 8 associated with the mimetic scalar ϕ, the auxiliary field A∗ and the
Lagrange multipliers µ and λ). The 8 first-class constraints remove 16 canonical variables,
and the 6 second-class constraints remove other 6. So we are left with 6 Hamiltonian
degrees of freedom, or 3 Lagrangian degrees of freedom two of which are physical modes of
the gravitational field and one is the mimetic scalar mode. This is in agreement with the
results of [7, 13].
III.3. Stability analysis
Hamiltonian without the mimetic constraint
It is instructive to first look at the form of the Hamiltonian without the mimetic con-
straint. In this case we do not have the canonical variables λ and pλ and consequently the
two second-class constraints pλ and Cλ are absent. The second-class constraints are p⋆ ≈ 0
and C⋆ ≈ 0. We can consider them satisfied in the strong sense and solve C⋆ = 0 for A⋆
A⋆ =
(
pϕ − f,ϕ
f
π
)
1
3
√
h
f
f 2,ϕ
. (43)
Inserting this back into the Hamiltonian we get
H = 1√
hf
(
πijπij − 1
2
π2
)
−
√
hfR¯ + 2
√
hDiD
if +
√
hV (ϕ)
+
1√
h
1
6f
(
π − f
f,ϕ
pϕ
)2
. (44)
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Due to the time-reparametrization invariance the Hamiltonian is weakly zero. So to describe
non-trivial field configurations the different contributions to the Hamiltonian cannot be all
positive definite. However, for a stable theory each term should be bounded from below
which requires that f > 0, and V (ϕ) and DiD
if are bounded from below, otherwise, for
instance, the term DiD
if might be a source of gradient instabilities 3.
Note that the first and the second term in (44) are not positive definite. So, even if the
above constraints on f and V (ϕ) are satisfied, one should still check that for the classical
solutions the Hamiltonian does not exhibit instabilities. The positive energy theorem for
General Relativity, f = 1/2, V = 0, indeed states that for asymptotically flat space-times
the total energy (ADM-mass) is positive (or zero for a flat space-like hypersurface) as long
as the energy-momentum tensor fulfills the dominant energy condition [37, 38].
Hamiltonian with the mimetic constraint
Now, let us consider the theory with the mimetic constraint. Assuming that the second-
class constraints p⋆, C⋆, pλ and Cλ are satisfied in the strong sense one solves the constraint
Cλ for A⋆ and C⋆ for λ getting
A⋆ = ±
√
DiϕDiϕ+ 1 , (45)
λ =
1
2A⋆
pϕ√
h
− 3
2
f 2,ϕ
f
− 1
2A⋆
f,ϕ
f
π√
h
. (46)
Upon inserting these expressions into the Hamiltonian constraint we obtain
H = 1√
hf
(
πijπij − 1
2
π2
)
−
√
hfR¯ + 2
√
hDiD
if +
√
hV (ϕ)
+
(
pϕ − f,ϕ
f
π − 3f
2
,ϕ
f
√
h
√
DiϕDiϕ+ 1
)√
DiϕDiϕ+ 1 +
3
2
f 2,ϕ
f
√
h
(
DiϕD
iϕ+ 1
)
,
(47)
where the positive solution for A⋆ was used. The choice of the negative sign in (45) would lead
to the same conclusion about the positive definiteness of the mimetic matter contribution
into the Hamiltonian [7].
Comparing the Hamiltonian (47) with that of the non-mimetic model (44) we see that
the first four terms are the same, but, instead of the quadratic term with the difference of
3 Note that the stability criteria here are actually similar to those dynamical systems without reparametriza-
tion invariance for which the total Hamiltonian is conserved, i.e. constant in time. Namely, as it is done
in the Ostrogradski ghost analysis, one checks whether or not each of the different contributions to the
Hamiltonian (whose sum is constant) may tend to ±∞.
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the two momenta, now there is the term 3
2
f2,ϕ
f
√
h (DiϕD
iϕ+ 1) which is positive if f > 0
and there are terms linear in the momenta pϕ and π.
The term linear in the momentum pϕ is expected since it yields the equation of motion of ϕ
subject to the mimetic constraint. The presence of this term may generate a ghost instability
since the Hamiltonian is not necessarily bounded from below. There is an instability if the
term linear in the momenta can evolve from positive values to negative ones and eventually
reach minus infinity.
Using the equations (45) and (46) we see that the term in question is of the form
2λ
√
h
√
DiϕDiϕ+ 1. Therefore, for the mimetic part of the Hamiltonian to be bounded
from below λ should be non-negative. This condition has already been obtained for the
original mimetic dark matter model (with f = 1
2
) in [5, 7]. Here we have shown that it is
valid for a more general mimetic scalar-tensor theory as well.
Discussion
The choice of the condition λ > 0 can be understood by directly looking at the action.
If λ were negative, the field ϕ would have the wrong (ghost-like) sign of its kinetic term.
In order to better understand the dynamics of λ and see whether it may change sign with
time evolution, let us consider the case of the mimetic dark matter with f = 1/2 and V = 0
in (11). In this case λ is interpreted as the dark matter density, and its negative value would
be unphysical. In [7] it was argued that, even for the simple mimetic dark matter model,
the initial condition λ > 0 might not be preserved in time, since there may exist solutions
such that λ evolves from positive to negative values and eventually reaches minus infinity.
This would mean that the theory becomes unstable.
Let us elaborate on this issue. In the mimetic dark matter model there exists a conserved
Noether current associated with shift-symmetry ϕ→ ϕ+ const
∂µJ
µ ≡ ∂µ
(√−gλgµν∂νϕ) = 0 . (48)
If we fix the general coordinate invariance by imposing a so-called unitary gauge ϕ = t and
N i = 0, in which N2 = 1, due to the mimetic constraint, the equation (48) reduces to
∂t(
√
hλ) = 0 , (49)
whose solution is √
hλ = pϕ/2 = C(x
i) . (50)
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Therefore, the sign of λ is fixed by the choice of the value of C(xi) at the initial Cauchy
surface, which should be non-negative by the stability requirement. Equivalently, the time
conservation of pϕ could be directly obtained from the Hamiltonian equation for pϕ in this
gauge. Physically it can be interpreted as the conservation of the energy of the dark matter.
We conclude that in the unitary gauge the mimetic dark matter contribution is bounded
from below iff
√
hλ = C(xi) ≥ 0 . This is consistent with the results of [39, 40], where the
authors used the unitary gauge for deriving a positive definite physical Hamiltonian.
Now, since under the diffeomorphisms λ transforms as a scalar λ′(x′) = λ(x) and in the
gauge ϕ = t and N i = 0 the sign of λ is appropriately fixed and does not change in time, we
conclude that λ remains positive or negative for any choice of gauge. In other words, once
we found the initial conditions for λ be positive in the given gauge, these will determine the
allowed choice of the initial conditions in the other gauges.
In a generic mimetic gravity model with f(ϕ) 6= 1/2 and V (ϕ) 6= 0, the shift-symmetry is
broken, and there is no conserved Noether current which ensures that the sign of λ is fixed
in time. As was argued in [7], there may exists initial configurations that would make λ to
evolve to negative values. In order to avoid instabilities in the generic case, one can, from
the beginning, restrict λ to have non-negative values by defining it, e.g. as λ = eλˆ.4 Note,
however, that as in the case of the Hamiltonian (44) of the GR plus conventional matter,
the first two terms of (47) are not positive definite. So the condition λ > 0 does not a priori
guarantee the absence of instabilities, if e.g. Positive Energy Theorem of GR does not apply.
III.4. Presence of external matter
Indeed, the presence of instabilities in mimetic gravity for linear perturbations around
the FLRW background was discussed in [13, 14, 17–20]. In particular, in [13, 14] it was
argued that the introduction of additional (conventional) matter into mimetic Horndeski-
like theories make them unstable around the FLRW background.
In this respect it is useful to analyze, in the presence of matter, the properties of the full
non-linear Hamiltonian associated with the mimetic systems considered in [13, 14]. To this
end, let us add to the mimetic action (11) a perfect fluid action [42]
Sm =
∫
d4x
√−g P (Y ) ≡
∫
d4x
√−g (−1/2gµν∂µη∂νη)α , (51)
4 Another possibility is to replace λ with λ2 as was considered by [41] who, in addition, promoted λ to a
dynamical field for obtaining a caustic free completion of pressureless perfect fluid and k-essence models.
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where Y ≡ −1/2gµν∂µη∂νη and α = (1+ω)/(2ω) fixes the equation of state which describes
the ratio between the density ρ and the pressure p of the perfect fluid, p = ωρ . For
simplicity, in the following analysis we will set α = 1, which describes stiff matter with an
equation of state ω = 1, and later comment on the case of a generic α. The contribution to
the mimetic Hamiltonian (eqs. (28) and (29)) of the matter part has the following form
Hη =
∫
d3x
(
NHη +NiHiη
)
, (52)
where
Hη = 1
2
p2η√
h
− 1
2
√
hhij∂iη∂jη , (53)
Hiη = pηhij∂jη . (54)
So that the total Hamiltonian and momentum constraint become
Htot = H +Hη , (55)
Hitot = Hi +Hiη . (56)
The structure of the constraints Cλ and C⋆ (eqs. (31) and (32)) does not change since the
matter is minimally coupled to the metric and not to the field ϕ. From the physical point
of view, a coupling between the scalar field ϕ and the conventional matter would introduce
interactions between the standard-model particles and the cold dark matter, which have not
been observed so far and are normally not considered in the literature.
It is straightforward to see that the usual hypersurface deformation algebra (35) is still
fulfilled. There is now one additional degree of freedom due to the matter fluid as in the
case of standard GR. Solving again the second-class constraints one gets the Hamiltonian
constraint in the following form
H = 1√
hf
(
πijπij − 1
2
π2
)
−
√
hfR¯ + 2
√
hDiD
if +
√
hV (ϕ) +
1
2
p2η√
h
+
1
2
√
hhij∂iη∂jη
+
(
pϕ − f,ϕ
f
π − 3
2
f 2,ϕ
f
√
h
√
DiϕDiϕ+ 1
)√
DiϕDiϕ+ 1 . (57)
The restriction λ > 0 (see Eq. (46)) again ensures that the contribution of the mimetic
matter to the Hamiltonian is bounded from below and the presence of matter does not
change this property.
The above analysis can be extended to a more general case with α 6= 1. In general, the
derivation of an explicit form of the Hamiltonian will be more involved, but if the matter
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field η is not coupled to the mimetic field ϕ, the Hamiltonian of the matter part will never
change the structure of the mimetic Hamiltonian. We will discuss this more general case for
linear perturbations around the FLRW background.
To summarize, the presence of matter (which does not directly couple to the mimetic
scalar) does not change the stability requirement λ > 0 of the mimetic-gravity theory. On
the other hand, instabilities may also arise due to the non-positive definiteness of the first
two terms in the Hamiltonian (57). This is what happens for linear perturbations around
the FLRW background [13, 14]. As we will show, in this case, the instability is caused by a
growth of mimetic dust overdensity and is thus of a Jeans type.
IV. LINEAR ANALYSIS AROUND THE FLRW BACKGROUND
In this Section we will revisit results of [13, 14], where it was observed (using the unitary
gauge ϕ = t) that, in the presence of matter, linear perturbations of mimetic gravity models
around the FLRW background have an Ostrogradski ghost.
Above we have shown that the mimetic matter contribution to the full Hamiltonian of
gravity plus matter (57) is bounded, for λ > 0.
However, the contributions from the pure gravity part are not necessarily bounded, and
one has to check the on-shell value of the Hamiltonian explicitly. To identify the origin of the
instabilities around the FLRW background in the mimetic dark matter model in the presence
of matter described by the generic action (51), we will derive the corresponding second-order
action and Hamiltonian without gauge fixing local reparametrization invariance and give the
result in terms of gauge-invariant variables. As a comparison, we present the results for GR
with the same matter fluid.
For simplicity, we only consider linear scalar perturbations around the FLRW background
whose metric has the following form
ds2 = −(1 + 2Φ)dt2 + 2a∂iBdxidt + a2 ((1− 2Ψ)δij + 2∂i∂jE) dxidxj , (58)
where a(t) is the scale factor and Φ(x), Ψ(x), B(x) and E(x) are scalar perturbations. We
will denote the perturbations of the matter scalar field as δη, while η will stand for its
background value and similar δϕ and ϕ for the mimetic scalar field.
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IV.1. General Relativity in the presence of external matter
Before discussing the mimetic matter, it is instructive to consider just GR with the matter
fluid described by the action (51). By using the background equations
3H2 =
2α− 1
2α
η˙2P ′ , (59)
3H2 + 2H˙ + P = 0 , (60)
∂
∂t
(
a3η˙P ′
)
= 0 , → ∂t(η˙P ′) = −3Hη˙P ′ , (61)
where H = a˙/a is the Hubble parameter, we can bring the second-order action into the form
S =
∫
d3x dt a3
[
3αR˙2 − 3α
(2α− 1)a2 (∂iR)
2 + (α− 1)3H2(Φˆ)2 − Φˆ
(
6αHR˙ − 2∆B˜
a2
)]
,
(62)
where we have introduced
Φˆ = Φ +
Ψ˙
H
− η˙P
′
2H
δη , (63)
R = Ψ+ H
η˙
δη , (64)
B˜ = 2Ψ+ 2Ha2E˙ − 2HaB . (65)
The action (62) has a gauge symmetry under which the field Ψ gets shifted by an arbitrary
function Ψ → Ψ + ǫ(x), while the other fields transform in such a way that the variables
R, B˜, Φˆ are gauge invariant. Yet, one more local symmetry shifts the scalar fields E and
B as follows E → E + b and B → B + ab˙. These symmetries can be used to fix Ψ = 0 and
E = 0, without loss of generality.
After solving the EOM for B˜ we obtain
S =
∫
d3x dt a3
[
3αR˙2 − 3α
(2α− 1)a2 (∂iR)
2
]
. (66)
We can observe that this action leads to a positive definite second-order Hamiltonian. How-
ever, instead of using the gauge-invariant curvature perturbation R one could equivalently
use another gauge-invariant variable
R = z(t)u , (67)
where z(t) is a time-dependent function. In this case, the second-order action takes the form
S =
∫
d3x dt a3z2
[
3αu˙2 − 3α∂t(a
3z˙)
a3z
u2 − 3α
(2α− 1)a2 (∂iu)
2
]
. (68)
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Now, we can observe that, for any function z(t) which fulfills
∂t(a
3z˙)
a3z
< 0 , (69)
there is a tachyon-like instability. Indeed, the Hamiltonian density obtained from (68) has
the form
H = a3
[ 1
12αz2
p2u
a6
+ z
∂t(a
3z˙)
a3
u2 +
3α
2α− 1z
2 (∂iu)
2
a2
]
, (70)
with pu = 6αz
2u˙.
The reason of this ambiguity is related to the fact that the Hamiltonian of a system in a
time-dependent background is not a conserved quantity, and even if it is positive definite for
one choice of phase-space variables, a time-dependent canonical transformation can make it
unbounded from below. Hence, the stability behaviour of the system depends, in general, on
the choice of observables (for a more detailed discussion of this issue see [43]. The tachyonic
instability which showed up in the Hamiltonian (70) could be interpreted as the usual Jeans
instability due to the in-falling matter, which vanishes in the ultraviolet-limit. This is in
accordance with a discussion in [44] that the Jeans instability of standard matter can be
disguised and can be even seen as an infrared ghost instability, and with the suggestion of [45]
to distinguish the Jeans instability from other (dangerous ghost and gradient) instabilities
by looking at the ultraviolet limit.
In the case of the mimetic matter (“dust”) we will show that the Jeans instability is seen
as a ghost instability at all scales since there is no scale-dependence (due to vanishing sound
speed).
IV.2. Adding the mimetic matter
Now let us consider the linear perturbations of mimetic matter in the FLRW background,
in the presence of the same external matter fluid. The background equations take the form
3H2 =
2α− 1
2α
η˙2P ′ + 2λ , (71)
3H2 + 2H˙ + P = 0 , (72)
∂
∂t
(
a3λ
)
=
∂
∂t
(
a3η˙P ′
)
= 0 → ∂t(η˙P ′) = −3Hη˙P ′ → η¨ = − 3
2α− 1Hη˙ , (73)
19
and the second-order action for the system under consideration can be written as
S =
∫
d3x dt a3
[
− 3ξ˙2 + 2α− 1
2
P ′χ˙2 − 3η˙P ′ξ˙χ+ (∂iξ)
2
a2
− 1
2
P ′
(∂iχ)
2
a2
+
∆B˜
a2
(
2ξ˙ + η˙P ′χ
)
+ Φˆ2
(
−3H2 + 2α− 1
2
η˙2P ′ + λ
)
+ Φˆ
(
−2∆ξ
a2
− 2H∆B˜
a2
− 2λδm + 6Hξ˙ − η˙P ′(2α− 1)χ˙
)]
,
(74)
where we have introduced the gauge-invariant variables
ξ =−Ψ−Hδϕ , δm = δλ
λ
+ 3Hδϕ , χ = δη − η˙δϕ ,
Φˆ =Φ− δϕ˙ , B˜ = δϕ+ aB − a2E˙ ,
(75)
with δm having the physical meaning of dark matter overdensity.
As for GR and the external matter fluid, in equation (62) the action has two gauge
symmetries which can be used to fix e.g. the unitary gauge δϕ = 0 and E = 0 without loss
of generality.
The variation of the action with respect to δm implies that Φˆ = 0, while the variation
with respect to Φˆ expresses δm in terms of other variables
λδm = −∆ξ
a2
−H∆B˜
a2
+ 3Hξ˙ − 1
2
η˙P ′(2α− 1)χ˙ , (76)
where we have used Φˆ = 0. Therefore, the second line of the action (74) can be consistently
dropped out and we are left with the action
S =
∫
d3x dt a3
[
− 3ξ˙2 + 2α− 1
2
P ′χ˙2 − 3η˙P ′ξ˙χ+ (∂iξ)
2
a2
− 1
2
P ′
(∂iχ)
2
a2
+
∆B˜
a2
(
2ξ˙ + η˙P ′χ
) ]
,
(77)
whose form coincides with that derived in [13, 14] in the unitary gauge, but now it is
formulated in terms of the gauge-invariant variables.
IV.2.1. Pure mimetic matter
Before we derive the Hamiltonian for the general case, it is instructive to first elaborate
on the case of mimetic matter without the additional matter fluid considered in [6].
In this case, we have one degree of freedom which is, however, not propagating in the
sense that its sound speed is zero. Indeed, the action (77) reduces to
S =
∫
d3x dt a3
[
− 3ξ˙2 + 2∆B˜
a2
ξ˙ +
(∂iξ)
2
a2
]
. (78)
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The equation of motion of B˜ is
∆ξ˙ = 0 , (79)
implying that ∆ξ is time independent, and the equation of motion of ξ is
∆∂t(aB˜) = 3∂t(a
3ξ˙)− a∆ξ . (80)
Before doing the Hamiltonian analysis let us integrate by parts the second term in (78).
Then we have
S =
∫
d3x dt a3
[
− 3ξ˙2 − 2
˙˜B
a2
∆ξ − 2HB˜∆ξ
a2
+
(∂iξ)
2
a2
]
. (81)
Upon performing the change of variable
Σ = B˜ +
1
a
(∫
a dt
)
ξ = B˜ +
2
5H
ξ , (82)
(where, in the second step, we have used the background equations to calculate explicitly
the integral (a ∝ t2/3)) one gets the second order action in the following form
S =
∫
d3x dt a3
[
− 3ξ˙2 − 2∆ξ
a2
Σ˙− 2HΣ∆ξ
a2
]
. (83)
From this action we get the canonical conjugate momenta
pξ
a3
= −6ξ˙ , pΣ = −2a∆ξ , (84)
where the latter is the primary constraint. Consequently, the canonical Hamiltonian density
is given by
H = a3
[
− 1
12
p2ξ
a6
+ 2H
∆ξ
a2
Σ
]
, (85)
and the secondary constraint is
CΣ ≡ ∆pξ ≈ 0 . (86)
Assuming suitable initial conditions for pξ we can solve the constraints by setting pξ = 0
and pΣ = −2a∆ξ. Then the Hamiltonian reduces to
H = −HpΣΣ . (87)
We have thus arrived at an Ostrogradski term, which implies that Σ is either a ghost (having
a negative kinetic energy but a positive mass-squared term) or a tachyon instability. This
can be seen by rewriting the Hamiltonian as
H = H
4
[
(pΣ − Σ)2 − (pΣ + Σ)2
]
. (88)
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We can now perform a canonical transformation and call either the first or the second
phase-space variable the new canonical momentum or, respectively, the coordinate
p =
1√
2
(pΣ ∓ Σ ) , q = 1√
2
(Σ± pΣ) . (89)
Depending on the choice, the Hamiltonian (88) has a tachyon or a ghost instability. At
the free level one cannot distinguish between the two, since they just correspond to the
canonical transformation which exchanges the role of the generalized coordinate and the
canonical momentum and leads to the same equations of motion. So, to understand the
nature of the instability it is necessary to extend the consideration to the interacting level.
See, for instance, [46] for a more detailed discussion about the difference of the ghost and
the tachyon instability by considering the one-particle exchange amplitude and [43] for a
general discussion of ghost instabilities in a similar context.
Solving the Hamiltonian equations of motion
p˙Σ = HpΣ → pΣ = aC1(x) , Σ˙ = −HΣ → Σ = C˜2(x)
a
, (90)
using the equations (76), (82), (84) and defining C2(x) ≡ 2∆C˜2(x), we get the expression
for the gauge-invariant matter overdensity δm
δm = − C1(x)
6H2a2
(
1− H
a
∫
da
H
)
− C2(x)
6Ha3
= − C1(x)
10H2a2
− C2(x)
6Ha3
. (91)
These are the usual growing and decaying modes as in GR + dust, as discussed in [1, 6, 10].
The growing mode scales with δm ∼ t2/3 leading to instabilities in the linear perturbation
theory. However, the instability is quite slow. It can be interpreted as the usual Jeans
instability due to the infalling matter (dust) fitting to our observed tachyon instability.
Further, we can note that the condition for a positive Lagrange parameter, λ + δλ > 0 or
equivalently δm > −1 (in the unitary gauge), requires the integration functions C1 and C2
to be negative. However, this does not remove the growing modes.
Summarizing, even if the necessary condition of the positive definiteness of the Lagrange
multiplier field λ is satisfied, in the FLRW background the linear fluctuations of the mimetic
matter have a ghost or tachyon instability (depending on the choice of phase-space variables),
causing the usual Jeans instability of dust which is unstable at all scales.
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IV.2.2. Mimetic dark matter in the presence of external matter
By adding the external matter fluid, we get two dynamical degrees of freedom. From the
action (77) we get the canonical conjugate momenta of ξ and χ
pξ
a3
=− 6ξ˙ + 2∆B˜
a2
− 3η˙P ′χ , (92)
pχ
a3
=(2α− 1)P ′χ˙ , (93)
while the momentum pB = 0 is a primary constraint. Then the canonical Hamiltonian has
the form
H = a3
[
− 1
12
(pξ
a3
+ 3η˙P ′χ
)2
+
1
3
pξ
a3
∆B˜
a2
+
1
2(2α− 1)P ′
p2χ
a6
− 1
3
(
∆B˜
a2
)2
− (∂iξ)
2
a2
+
1
2
P ′
(∂iχ)
2
a2
]
. (94)
Further, the time conservation of the primary constraint yields the secondary constraint
CB ≡ {pB,H} =− 2
3
∆∆B˜
a4
+
1
3
∆pξ
a5
≈ 0 . (95)
The constraints pB and CB are of the second class. Upon solving the second-class constraints,
one can bring the Hamiltonian to the following form
H = a3
[
− 1
2
η˙P ′
a3
pξχ+
1
2(2α− 1)P ′
p2χ
a6
− 3
4
η˙2P ′2χ2 − (∂iξ)
2
a2
+
1
2
P ′
(∂iχ)
2
a2
]
. (96)
In accordance with the results of [13, 47] there is an Ostrogradski ghost instability due to
the first term which is linear in the momentum pξ.
The Hamiltonian (96) equations of motion are
ξ˙ =− 1
2
η˙P ′χ , (97)
p˙ξ =− 2a∆ξ , (98)
χ˙ =
1
(2α− 1)P ′
pχ
a3
, (99)
p˙χ =
1
2
η˙P ′pξ +
3
2
a3η˙2P ′2χ+ aP ′∆χ . (100)
Using the equations of motion we can express the phase-space variables in terms of ξ and
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its time derivatives
χ =− 2
η˙P ′
ξ˙ , (101)
pχ =− 2(2α− 1)a
3
η˙
ξ¨ − 6(2α− 1)a
3H
η˙
ξ˙ , (102)
pξ =− 4(2α− 1)a
3
η˙2P ′
...
ξ − a3
(
24H
η˙2P ′
(2α− 1) + 12H
η˙2P ′
)
ξ¨ +
4
η˙2P ′
a∆ξ˙
−
(
18H2a3
η˙2P ′
(2α+ 1)− 3(4α− 1)a
3
α
)
ξ˙ . (103)
These can be used to derive the fourth-order differential equation for the curvature pertur-
bation ξ
....
ξ +
...
ξ
(
12H +
6H
2α− 1
)
− ∆ξ¨
a2(2α− 1) −
4H(2α− 1) + 3H
(2α− 1)2
∆ξ˙
a2
− η˙
2P ′
2(2α− 1)
∆ξ
a2
+ ξ¨
(
9((3α + 2)(2α− 1) + 1)H2
(2α− 1)2 −
3(4α− 1)η˙2P ′
2(2α− 1)α
)
+ ξ˙
(
54(α+ 1)H3
(2α− 1)2 −
(54α+ 9)η˙2P ′H
4(2α− 1)α
)
= 0 .
(104)
The same equation can be obtained directly from the variation of the action (77) and taking
into account the constraint (97).
IV.2.3. Dispersion relation in the UV-limit
Similar to [48] we use the ansatz
ξ(x, t) = ξ0 e
ı(
∫
ω dt−kixi) , (105)
where ı is the imaginary unit. We are only considering the ultraviolet-limit (UV-limit)
in which H, λ, η˙ ≪ k. Further, we are assuming that ω evolves very slowly in time and
one can approximate the time evolution by ω˙/ω ∼ g(H, η˙, λ) ≪ k in the UV-limit with
some arbitrary function g and similar for higher derivatives. Later, we will check that this
assumption is indeed valid. Using the UV-limit we can derive the dispersion relation
ω4 − 6ıω2ω˙ − ıω36(4α− 1)H
2α− 1 −
(
k2
a2(2α− 1) +
9((3α + 2)(2α− 1) + 1)H2
(2α− 1)2 −
3(4α− 1)η˙2P ′
2(2α− 1)α
)
ω2
+ ı
(
k2
a2(2α− 1) +
9((3α+ 2)(2α− 1) + 1)H2
(2α− 1)2 −
3(4α− 1)η˙2P ′
2(2α− 1)α
)
ω˙
+ ı
(
H(8α− 1)
(2α− 1)2
k2
a2
+
54(α+ 1)H3
(2α− 1)2 −
(54α+ 9)η˙2P ′H
4(2α− 1)α
)
ω +
η˙2P ′
2(2α− 1)
k2
a2
= 0 . (106)
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We can see that the dispersion relation in the UV-limit has dependence only on ω and its
first derivative. Using now ω˙ = g(H, η˙, λ)ω we can solve the dispersion relation in the UV-
limit in powers of k. Since it is a fourth-order polynomial equation there are four solutions,
which split into two propagating modes and two purely damped/growing modes
ω1,2 =± 1√
2α− 1
k
a
+ ı
(
H
(
4 +
3
2(2α− 1)
)
+
5
2
g1,2
)
+O(k−1) , (107)
ω3,4 =ı
g3,4(2α− 1) +H(8α− 1)±
√
(g3,4(2α− 1) +H(8α− 1))2 − 2(2α− 1)2η˙2P ′
2(2α− 1) +O(k
−1) .
(108)
The unknown function g can be solved iteratively. At k → ∞ for the two propagating
“matter” modes we have ω ∝ k/a and hence ω˙/ω = g1,2(H, η˙, λ) = −H , which confirms our
previous assumption that ω˙/ω ≪ k in the UV-limit. It yields
ω1,2 =± 1√
2α− 1
k
a
+ ıH
3α
(2α− 1) +O(k
−1) . (109)
The modes are damped (α > 1, H(t) > 0) and propagate with the sound speed of the matter
fluid cm = 1/
√
2α− 1.
Let us now consider the two non-propagating “dust” modes. Now the form of g is already
relevant at leading order, and so the solution is more involved. The leading order of k is
evaluated from the terms of the dispersion relation which are proportional to k2/a2. For the
later discussion, we do not need the exact relation, but we are only interested in the main
behaviour. Therefore, let us consider just two specific limits.
At first, let us analyze the case in which the dust dominates over the external matter
fluid, i.e. λ≫ η˙2P ′. From the dispersion relation we can directly evaluate that one solution
is trivial (zero) and another one is ω˙/ω = g3,4(H, λ) = H˙/H ≃ −3H/2, thus resulting in
ωdust3,4 =ı
H(10α+ 1)±H(10α+ 1)
4(2α− 1) +O(k
−1) . (110)
In regimes in which the dust dominates one of the dust modes is constant while the other
one is purely damped.
As another limit let us now consider the regime in which the external fluid dominates,
i.e. η˙2P ′ ≫ λ. In this limit the background equation reduces to η˙2P ′ ∝ H2, implying that
ω˙/ω = g3,4(H, λ) = H˙/H ≃ −3αH/(2α− 1) and hence
ωext3,4 =ı
H(5α− 1)±H(α + 1)
4(2α− 1) +O(k
−1) . (111)
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Now both modes are purely damped. As for the matter modes, ω slowly evolves in time
with ω˙/ω ∝ H ≪ k in the UV-limit, in accordance with our assumption.
Summarizing, we can conclude that in both limits the two dust modes are non-propagating
and are just purely damped or constant. However, even if the curvature perturbation is
linearly stable, this does not imply that there are no linear instabilities for all physical
observables. One can straightforwardly check that the constant dust mode in the dust
domination phase leads to a growing matter overdensity mode δm, as in the case without
external matter.
As a next step, we should look at the properties of the on-shell Hamiltonian for the
different modes independently. Considering only the terms with the highest power of k we
obtain the on-shell Hamiltonian for the two matter modes (109)
Hω1,2on−Shell ≃ a3
[
− 2
η˙2P ′
(∂iξ˙)
2
a2
+
6(2α− 1)
η˙2P ′
ξ¨2
]
=
8k4
a(2α− 1)η˙2P ′ ξ
2 , (112)
which is positive definite. On the other hand, the on-shell Hamiltonian for the two non-
propagating dust modes (108) in the UV-limit is given by
Hω3,4on−Shell ≃ a3
[ 4
η˙2P ′
∆ξ˙
a2
ξ˙ − (∂iξ)
2
a2
+
2
η˙2P ′
(∂iξ˙)
2
a2
]
≃ −a3
[
− 2
η˙2P ′
(∂iξ˙)
2
a2
− (∂iξ)
2
a2
]
≃ ak2ξ2
[
− 1− 2(ı ω3,4)
2
η˙2P ′
]
. (113)
The on-shell Hamiltonian is negative definite, as long as ω3,4 is purely imaginary in the
UV-limit, which we have explicitly checked for both the limits of dust and external matter
domination.
Summarizing, there are two damped propagating modes with the usual sound speed of
the matter fluid, and there are two purely damped non-propagating modes representing the
dust. While the propagating modes have a positive definite on-shell Hamiltonian, the two
dust modes have a negative definite ghost-like Hamiltonian.
At the classical level, there are no linear instabilities for the curvature perturbation.
However, for instance, the dust matter overdensity δm has an unstable mode, which grows
as a power-law in time for the constant dust mode in the matter domination phase. Further,
the non-propagating ghost modes from the dust can be problematic if we take into account
higher-order interaction terms, since, as discussed e.g. in [49] the (in)stability may depend
on the values of the interaction coupling constants. Such an analysis is beyond the scope of
this paper.
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We have thus elaborated on previous results of [13, 14] and have found that the presence
of matter does not revive dynamical ghost modes (at least in the UV limit). The ghost
modes are non-propagating (with zero sound speed) and are associated with the mimetic
matter itself, as in the case in which the conventional scalar fluid is absent. As discussed in
Section IV.2.1 these ghost/tachyon modes cause the usual Jeans instability of dust.
V. MIMETIC GRAVITY WITH HIGHER-DERIVATIVE TERMS
The observed constraints on the speed of gravitational waves have banned the presence of
any higher-derivative term in the theory except for F (ϕ) terms [31]. Therefore, as outlined
in section II we would also like to study the stability properties of mimetic gravity models
containing this type of terms.
The Hamiltonian analysis of mimetic gravity with a generic term F (ϕ) in the action
has been carried out in [12, 25]. However, since it is only possible to write down the
Hamiltonian implicitly in terms of a general inverse function of F , it is quite involved to
analyze its stability properties. So in what follows we will restrict our consideration to the
stability analysis of the case F (ϕ) = (ϕ)2 described by the action (12). Details of the
calculations are given in the appendix A and we mention here just the main results.
The action (12) can be recast into an equivalent second-order form by introducing two
scalar fields ǫ(x) and χ(x) 5:
S =
1
2
∫
d4x
√−g R +
∫
d4x
√−g (G(ϕ)χ2 + ǫ (χ−ϕ)− λ (gµν∂µϕ∂νϕ+ 1)) ,
=
1
2
∫
d4x
√−g R +
∫
d4x
√−g (G(ϕ)χ2 + ǫχ + gµν∂µǫ∂νϕ− λ (gµν∂µϕ∂νϕ + 1)) .
(114)
The Hamiltonian and the momentum constraint have the following form
H =Hgr − λ p
2
ǫ√
h
− pǫpϕ√
h
+ λ
(
hij∂iϕ∂jϕ+ 1
)−√hG(ϕ)χ2 −√hǫχ
−
√
hhij∂iǫ∂jϕ , (115)
Hi =Hgr,i + pϕ∂iϕ+ pǫ∂iǫ+ pλ∂iλ+ pχ∂iχ , (116)
where Hgr and Hgr,i are the usual Hamiltonian and momentum constraint of GR. Together
with πN and πi they form the set of eight first class constraints. Further, there are six
5 Alternatively, one could rewrite (114) by introducing only one auxiliary scalar field instead of two as
follows G(ϕ)(ϕ)2 → G(ϕ)(2χϕ− χ2).
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second-class constraints
pλ ≈0 , (117)
pχ ≈0 , (118)
C
(1)
λ =
(
−
√
h
(
hij∂iϕ∂jϕ+ 1
)
+
p2ǫ√
h
)
≈ 0 , (119)
Cχ =
√
h (2G(ϕ)χ+ ǫ) ≈ 0 , (120)
C
(2)
λ =
(
− pǫǫ
G(ϕ)
− 2 pǫ√
h
∂i
(√
hhij∂jϕ
)
+ 2
√
hhij∂iϕ∂j
(
pǫ√
h
)
+ 4πij∂iϕ∂jϕ+ 2π
)
≈ 0 ,
(121)
C
(3)
λ =
pǫ(pϕ + 2λpǫ)√
h
(
1
G(ϕ)
− 3
)
+ ǫχ
√
h
(
3− 1
G(ϕ)
)
+
1
2
√
hR¯−
√
hǫ
G′(ϕ)
G2(ϕ)
+ 3
√
hχ2G(ϕ)− 3 π
2
√
h
+ 6
πijπij√
h
+ V (∂iϕ, hij, πij , λ, pϕ, ϕ, ǫ, pǫ, χ), (122)
where in the last constraint we have collected in V (∂iϕ, hij, πij , λ, pϕ, ϕ, ǫ, pǫ, χ) all the terms
depending on the spatial derivatives of ϕ, whose explicit form is given in (A13). Therefore,
the model has three degrees of freedom one of which is that of the mimetic field ϕ. We see
that the higher-derivative term does not introduce an extra degree of freedom, as was shown
in [12, 13, 25]. 6 The question is whether the mimetic constraint can cure the instability of
the higher-derivative theory. So, before discussing the stability conditions for the mimetic
theory it is useful to have a look at the original theory without the mimetic constraint.
Hamiltonian without the mimetic constraint
In this case we have eight first-class constraints and two second-class ones
pχ ≈ 0 , Cχ =
√
h (2G(ϕ)χ+ ǫ) ≈ 0 . (123)
Therefore, we now have four degrees of freedom due to the higher-derivative term. The
extra degree of freedom is expected to be an Ostrogradski ghost. Indeed, after solving the
second-class constraints we get the following Hamiltonian
H = Hgr + 1
4
√
h
ǫ2
G(ϕ)
− pǫpϕ√
h
− hijDiϕDjǫ . (124)
6 A comment here is in order. As one can see from eq. (122), the model has a singular point G(ϕ) = 1
3
(observed and discussed in detail e.g. in [25]), in which the first two terms vanish. This results in the fact
that in homogeneous backgrounds in which ϕ is identified with the time flow (ϕ = t) the number of the
degrees of freedom in this model reduces from three to two. We will not elaborate on this issue here and
assume that G(ϕ) 6= 1
3
.
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In this Hamiltonian, in general, the last two terms are not bounded from below and may
cause ghost and gradient instabilities.
Hamiltonian with the mimetic constraint
Now, solving the second-class constraints (119)-(121) one observes that the following
conditions remove ǫ and pǫ as independent phase-space variables
pǫ = ±
√
h
√
hij∂iϕ∂jϕ+ 1 , (125)
χ = − ǫ
2G(ϕ)
, (126)
ǫ = ± 2G(ϕ)√
h
√
hij∂iϕ∂jϕ+ 1
(
±
√
hhij∂iϕ∂j
√
hij∂iϕ∂jϕ+ 1 + 2π
ij∂iϕ∂jϕ + π
)
− 2G(ϕ)√
h
∂i
(√
hhij∂jϕ
)
, (127)
while the constraint (122) produces (with the use of the above expressions and choosing
there, for convenience, the negative sign) the relation between λ amd pϕ
2
√
hλ =pϕ +
G(ϕ)
3G(ϕ)− 1
[1
2
√
hR¯ − π
2
√
h
(3G(ϕ) + 1) + 6
πijπij√
h
+ 2
G′(ϕ)
G(ϕ)
π
]
+ V˜ (∂iϕ, hij, πij, λ, pϕ, ϕ) , (128)
where we again collected all the terms containing the derivatives of ϕ into V˜ (∂iϕ, hij, πij , λ, pϕ, ϕ).
Now inserting the above expressions into the Hamiltonian (115) we get
H =Hgr + 1
4
√
h
ǫ2(πij , ϕ, hij)
G(ϕ)
+ pϕ
√
hij∂iϕ∂jϕ+ 1
+
√
hhkl∂kϕ∂l
[
2G(ϕ)√
h
√
hij∂iϕ∂jϕ+ 1
(
−
√
hhij∂iϕ∂j
√
hij∂iϕ∂jϕ+ 1 + 2π
ij∂iϕ∂jϕ+ π
)
+
2G(ϕ)√
h
∂i
(√
hhij∂jϕ
)]
. (129)
The second term is bounded from below if G(ϕ) > 0. At the same time, as in the scalar
mimetic models considered in Section III, one observes in (129) the presence of the char-
acteristic term linear in pϕ. However, in contrast to the similar term in eq. (47) which is
proportional to λ and is positive definite if λ > 0, now we have pϕ which is not positive
definite, as one can see from the structure of the relation (128). Hence the linear term in
the Hamiltonian (129) is, in general, not bounded from below.
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In summary, we conclude that, in general, the mimetic model described by the action
(12) has three degrees of freedom, but may have ghost or gradient instabilities, in agreement
with the results of [13, 14, 17–20], where this issue was discussed using linear perturbations
around the FLRW background.
VI. MIMETIC f(R) GRAVITY
The mimetic f(R) gravity is broadly discussed in the literature [8, 50–55]. Its action can
be written in the following form
S =
1
2
∫
d4x
√−g f(R)−
∫
d4x
√−g (λ (gµν∂µϕ∂νϕ+ 1) + V (ϕ)) . (130)
There are several ways to derive the Hamiltonian of the f(R) theory, which are equivalent
up to canonical transformations (see [26] for a detailed discussion). Here we rewrite the
action as that of a scalar-tensor theory, by introducing two extra scalar fields χ(x) and µ(x)
S =
1
2
∫
d4x
√−g [f(χ) + µ (R− χ)]−
∫
d4x
√−g (λ (gµν∂µϕ∂νϕ+ 1) + V (ϕ)) . (131)
After the usual foliation of spacetime one gets the following Hamiltonian and momentum
constraint (see appendix B for details)
H = Hgrav +Hϕ ,
where
Hgrav = 2√
hµ
(
πijπij − 1
2
π2
)
+
1
3
√
hµ
(µpµ − π)2−1
2
√
hµR¯+
1
2
√
hµχ−1
2
√
hf(χ)+
√
hDaD
aµ ,
(132)
and
Hϕ =
p2ϕ
4
√
hλ
+
√
hλ
(
hij∂iϕ∂jϕ+ 1
)
+ V (ϕ) , (133)
and
Hi = −2Djπij + pµ∂iµ+ pχ∂iχ+ pϕ∂iϕ+ pλ∂iλ . (134)
We have the usual eight (gravity) first-class constraints πN , H, πi and Hi, and four second-
class constraints
pχ ≈ 0 , Cχ =
√
h (µ+ f ′(χ)) ≈ 0 , pλ ≈ 0 , Cλ = −
p2ϕ
4
√
hλ2
+
√
h
(
hij∂iϕ∂jϕ+ 1
) ≈ 0 ,
(135)
30
Therefore, we obtain the expected result that the theory has four degrees of freedoms.
Upon solving the second-class constraints we get the following Hamiltonian
H = Hgrav +Hϕ = Hgrav + pϕ
√
hij∂iϕ∂jϕ+ 1 + V (ϕ) , (136)
which, as in previous cases, has a term linear in pϕ = 2λ
√
h
√
hij∂iϕ∂jϕ+ 1. Again, requiring
that λ > 0 we ensure that the mimetic scalar field part of the Hamiltonian is bounded from
below. In addition to this mimetic constraint, one has the usual stability conditions on the
f(R) gravity theory, which remain unaltered.
Note, that the gravity part of the Hamiltonian (132) is equivalent to the Hamiltonian of
the scalar-tensor theory (44) with the identifications
f˜(µ) =
µ
2
, V˜ (µ) =
1
2
µχ(µ)− 1
2
µf(χ(µ)) , (137)
where χ(µ) is the formal solution of the second class constraint Cχ for χ in terms of the
scalar field µ. This confirms the well-known relation between standard f(R) gravity and a
scalar-tensor theory.
From the above consideration one can easily conclude that the obtained results can be
generalized to any scalar-vector-tensor theory of the form
S = S(gµν , χ1, ..., χn, A
µ
1 , ..., A
µ
m)−
∫
d4x
√−g
(
λ (∂µϕ∂
µϕ+ 1) + V (ϕ)
)
, (138)
where χn and A
µ
m are scalar and vector fields which are not directly coupled to the mimetic
scalar ϕ.
The Hamiltonian of this model has a form similar to (136). Hence, the stability require-
ments for the initial f(R) theory without the mimetic field remain unaltered by the presence
of the latter, if λ > 0.
VII. CONCLUSIONS
In this paper, we have carried out the stability analysis of the full Hamiltonian for several
mimetic gravity models. The mimetic contribution to the Hamiltonian of the most general
mimetic scalar-tensor theory, restricted to a healthy primary seed action compatible with
the constraint that the speed of gravitational waves equals the speed of light [31], has been
shown to be free of any dangerous instability, if the mimetic energy-density field λ is positive
definite λ > 0. This is in agreement with the results of [5, 7] for the original mimetic dark
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matter model, in which case, as we have shown, the shift-symmetry of the mimetic scalar
field ϕ ensures that the sign of λ is not changed in time. In general, one should a priori
impose the condition λ > 0 into the mimetic action. We have also discussed the role of
conventional matter for the stability of the mimetic scalar-tensor theory. Using the example
of a fluid, we have shown that the necessary stability condition λ > 0 of the mimetic gravity
also persists in the presence of matter, at least if it does not mix with the mimetic sector.
However, in general, the gravity part of the Hamiltonian is not bounded from below and
can lead to instabilities if the Positive Energy Theorem of GR does not apply.
The same result also applies to mimetic f(R) gravity, which is healthy, if the usual
stability conditions of the standard f(R) gravity are assumed and λ > 0.
In contrast, if we add mimetic matter to an unhealthy seed action, the resulting mimetic
gravity theory remains, in general, unstable. As an example, we have considered a scalar-
tensor theory with a single higher-derivative term (ϕ)2, which contains an Ostrogradski
ghost. The addition of the mimetic constraint on ϕ eliminates one degree of freedom, as
discussed by [12, 13], however, the mimetic theory contains instabilities anyway.
We have also revisited results of [13, 14] regarding stability issues of linear perturbations
around the FRLW background of the mimetic dark matter in the presence of scalar matter.
We have found that the presence of conventional matter does not revive dynamical ghost
modes (at least in the UV limit). The modes with non-positive Hamiltonian are non-
propagating (with zero sound speed) and are associated with the mimetic matter itself, as
in the case in which the conventional scalar fluid is absent. These ghost/tachyon-like modes
cause the usual Jeans instability of dust. To trace the fate of this instability one should go
to the interaction level, which is beyond the scope of this paper.
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Appendix A: Calculations for mimetic gravity with higher-derivative terms
The starting action is
S =
1
2
∫
d4x
√−g R +
∫
d4x
√−g (G(ϕ)(ϕ)2 − λ (gµν∂µϕ∂νϕ+ 1)) . (A1)
Using the notation from [12], this can be rewritten as
S =
1
2
∫
d4x
√−g R +
∫
d4x
√−g (G(ϕ)χ2 + ǫ (χ−ϕ)− λ (gµν∂µϕ∂νϕ+ 1))
=
1
2
∫
d4x
√−g R +
∫
d4x
√−g (G(ϕ)χ2 + ǫχ + gµν∂µǫ∂νϕ− λ (gµν∂µϕ∂νϕ + 1)) .
(A2)
The ADM decomposition yields
L =N
√
h
(1
2
(
KijKij −K2 + R¯
)− λ (−∇nϕ∇nϕ+ hij∂iϕ∂jϕ+ 1)+G(ϕ)χ2
+ ǫχ−∇nǫ∇nϕ+ hij∂iǫ∂jϕ
)
, (A3)
where we used the notation ∇nϕ = (ϕ˙−N i∂iϕ) /N . The canonical conjugate momenta are
πij =
δL
δh˙ij
= N
√
h
(
Kij − hijK) , (A4)
pϕ =
δL
δϕ˙
=
√
h (2λ∇nϕ−∇nǫ) , (A5)
pǫ =
δL
δǫ˙
= −
√
h∇nϕ . (A6)
The other momenta are primary constraints πN = π
i = pλ = pχ = 0. The extended
Hamiltonian can be written as
HT =
∫
d3x
(
NH +NaHa + uλpλ + uiπi + uNπN + uχpχ
)
(A7)
with the Hamiltonian and momentum constraint having the following form
H =Hgr − λ p
2
ǫ√
h
− pǫpϕ√
h
+ λ
(
hij∂iϕ∂jϕ+ 1
)−√hG(ϕ)χ2 −√hǫχ
−
√
hhij∂iǫ∂jϕ , (A8)
Hi =Hgr,i + pϕ∂iϕ+ pǫ∂iǫ+ pλ∂iλ+ pχ∂iχ , (A9)
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where Hgr and Hgr,i are the usual Hamiltonian and momentum constraint from GR.
The time conservation of the primary constraints πN and πi yields the usual Hamiltonian
and momentum constraints, while, due to the conservation of pλ and pχ, one obtains
p˙λ = {pλ, HT} = N
(
−
√
h
(
hij∂iϕ∂jϕ + 1
)
+
p2ǫ√
h
)
≡ NC(1)λ ≈ 0 , (A10)
p˙χ = {pχ, HT} = N
√
h (2G(ϕ)χ+ ǫ) ≡ NCχ ≈ 0 . (A11)
The time conservation of the secondary constraint Cχ fixes the Lagrange parameter uχ while
the conservation of C
(1)
λ yields a tertiary constraint
C˙λ = {Cλ, HT} ≈ N
(
− pǫǫ
G(ϕ)
− 2 pǫ√
h
∂i
(√
hhij∂jϕ
)
+ 2
√
hhij∂iϕ∂j
(
pǫ√
h
)
+ 4πij∂iϕ∂jϕ+ 2π
)
≡ NC(2)λ ≈ 0 , (A12)
where the constraints Cλ and Cχ were used. The time conservation of C
(2)
λ yields a further
constraint, namely
C
(3)
λ ≡
1
N
{C(2)λ , HT}
≈λ
(
−6 p
2
ǫ√
h
+
2p2ǫ
G(ϕ)
√
h
− 2
√
hhij∂iϕ∂jϕ
)
+
pǫpϕ√
h
(
1
G(ϕ)
− 3− 2DiϕDiϕ
)
+
1
2
√
hR¯
+ ǫχ
√
h
(
3− 1
G(ϕ)
+ 2DiϕD
iϕ
)
+ 4
pǫ√
h
DiD
ipǫ − 4
√
hχDiD
iϕ+ 6
π√
h
DiϕD
ipǫ
−
√
h
1
G(ϕ)
DiϕD
iǫ+
√
hDiϕD
iǫ+
√
hR¯DiϕD
iϕ+ 4
πklπkl√
h
DiϕD
iϕ−
√
hǫ
G′(ϕ)
G2(ϕ)
+
√
hχ2G(ϕ)(3 + 2DiϕD
iϕ)− π
2
2
√
h
(6 + 4DiϕD
iϕ) + 8
pǫ√
h
DiϕDjπ
j
i + 8
pǫπ
ij
√
h
DiDjϕ
+ 2
√
h
(
DiD
iϕ
)2 − 4√hDiϕDjDjDiϕ− 16πki πjk√
h
DiϕDjϕ− 2
√
hDiϕD
iǫDjϕD
jϕ
− 2pǫπ√
h
DiD
iϕ+ 6
πijπij√
h
− 16 π
ij
√
h
DipǫDjϕ+ 8
ππij√
h
DiϕDjϕ− 2
√
hDiDjϕD
iDjϕ,
(A13)
where we have used the previous constraints to simplify the expression. The new constraint
C
(3)
λ explicitly depends on λ and consequently the time conservation of it fixes the Lagrange
parameter uλ for the primary constraint pλ.
By a straightforward calculation one can check that the usual hypersurface deformation
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algebra is fulfilled
{D[ξi], D[ζj]} = D[ξi∂iζj − ζ i∂iξj] ,
{D[ξi], H [ξ]} = H [Lξiξ] ,
{H [ξ], H [ζ ]} ≈ D [hij (ξ∂iζ − ζ∂iξ)] .
(A14)
The Dirac matrix ΩIJ = {CI , CJ}, where CI are the six second class constraints pλ, pχ, Cχ, C(1)λ , C(2)λ
and C
(3)
λ , and its inverse can be expressed as
ΩIJ =


0 0 0 0 0 A
0 0 B 0 0 C
0 −B 0 D E F
0 0 −D 0 G H
0 0 −E −G I J
−A −C −F −H −J −K


,
(
Ω−1
)IJ
=


⋆ ⋆ ⋆ ⋆ ⋆ ⋆
⋆ ⋆ ⋆ ⋆ ⋆ 0
⋆ ⋆ 0 0 0 0
⋆ ⋆ 0 I
G2
− 1
G
0
⋆ ⋆ 0 1
G
0 0
⋆ 0 0 0 0 0


. (A15)
By using the Poisson brackets between the remaining phase-space variables and the con-
straints
{pϕ, CI} = (0, 0, ⋆, ⋆, ⋆, ⋆) , {ϕ,CI} = (0, 0, 0, 0, 0, ⋆) ,
{hij, CI} = (0, 0, 0, 0, ⋆, ⋆) , {πij , CI} = (0, 0, 0, ⋆, ⋆, ⋆) , (A16)
we can see that the structure of the Dirac brackets is in general different from that of the
Poisson brackets. Only for the case of the scalar field ϕ the Dirac bracket coincides with
the Poisson bracket. Further, for the Dirac brackets only the terms G = {C(1)λ , C(2)λ } and
I = {C(2)λ , C(2)λ } are relevant.
Appendix B: Calculations for mimetic f(R) gravity
The action for mimetic gravity can be written as (131)
S =
1
2
∫
d4x
√−g [f(χ) + µ (R− χ)]−
∫
d4x
√−g (λ (gµν∂µϕ∂νϕ+ 1) + V (ϕ)) . (B1)
Using the standard ADMmechanism one can decompose the Lagrangian for the gravitational
part
Lgrav = 1
2
N
√
h
(
f(χ) + µ
(
KijK
ij −K2 + R¯− χ)− 2K∇nµ− 2DiDiµ) . (B2)
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The same can be done for the part of the mimetic constraint
Lϕ = −N
√
h
(
λ
(
− ϕ˙
2
N2
+ 2
N i
N2
ϕ˙∂iϕ+
(
hij − N
iN j
N2
)
∂iϕ∂jϕ+ 1
)
+ V (ϕ)
)
. (B3)
The canonical conjugate momenta are
πij =
δL
δh˙ij
=
1
2
√
hµ
(
Kij − hijK)− 1
2
√
hhij∇nµ , pµ = δL
δµ˙
= −
√
hK , πi =
δL
δN˙ i
= 0 ,
pϕ =
δL
δϕ˙
=
2
N
√
h
(
ϕ˙−N i∂iϕ
)
, pχ =
δL
δχ˙
= 0 , pλ =
δL
δλ˙
= 0 , πN =
δL
δN˙
= 0 . (B4)
From these we get the expressions for the velocities
µ˙ =
2N
3
√
h
(pµµ− π) +N i∂iµ , ϕ˙ = N
2
√
hλ
pϕ +N
i∂iϕ ,
h˙ij =
N√
h
(
4
πij
µ
− 4
3
hij
p
µ
− 2
3
hijpµ
)
+ 2D(iNj) . (B5)
The extended Hamiltonian is
HT =
∫
d3x
(
NH +NaHa + uλpλ + uχpχ + uiπi + uNπN
)
(B6)
with H = Hgrav +Hϕ, where
Hgrav =
2√
h
(
πijπij
µ
− 1
3
π2
µ
− 1
3
πpµ +
1
6
µ p2µ
)
− 1
2
√
hµR¯ +
1
2
√
hµχ− 1
2
√
hf(χ) +
√
hDaD
aµ ,
(B7)
Hϕ =
p2ϕ
4
√
hλ
+
√
hλ
(
hij∂iϕ∂jϕ+ 1
)
+ V (ϕ) , (B8)
and
Hi = −2Djπij + pµ∂iµ+ pχ∂iχ+ pϕ∂iϕ+ pλ∂iλ . (B9)
We obtain the usual Hamiltonian constraint H ≈ 0 and the momentum constraint Hi ≈ 0,
due to the time conservation of πN and πi.
The conservation of pλ and pχ yields
p˙λ = {pλ, HT} = −N
(
− p
2
ϕ
4
√
hλ2
+
√
h
(
hij∂iϕ∂jϕ
)) ≡ −NCλ ≈ 0 , (B10)
p˙χ = {pχ, HT} = −1
2
N
√
h (µ+ f ′(χ)) ≡ −1
2
NCχ ≈ 0 . (B11)
The time conservation of Cλ fixes the Lagrange parameter uλ, while the time conservation
of Cχ fixes the Lagrange parameter uχ if f
′′(χ) 6= 0, which will be assumed in the following.
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It is straightforward to check that the hypersurface deformation algebra is fulfilled
{D[ξi], D[ζj]} = D[ξi∂iζj − ζ i∂iξj] ,
{D[ξi], H [ξ]} = H [Lξiξ] ,
{H [ξ], H [ζ ]} ≈ D [hij (ξ∂iζ − ζ∂iξ)] .
(B12)
From the four second-class constraints CI = {pλ, pχ, Cλ, Cχ} we get the Dirac matrix
ΩIJ = {CI , CJ} and its inverse
ΩIJ =


0 0 A 0
0 0 0 B
−A 0 D 0
0 −B 0 0

 ,
(
Ω−1
)IJ
=


D
A2
0 − 1
A
0
0 0 0 − 1
B
1
A
0 0 0
0 1
B
0 0

 . (B13)
Since the remaining phase-space variables ϕ, pϕ, h
ij, πij commute with C1 = pλ and C2 = pχ
the Dirac brackets coincide with the Poisson brackets.
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